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ABSTRACT

A method for the calculation of the current distribu-
tion, resistance, and inductance for superconducting strip
transmission lines is presented. These calculations allow
accurate characterization of both high-T, and low-T. su-
perconducting strip transmission lines. For a stripline ge-
ometry the current distribution, resistance, and indnctance
are calculated as a function of the penetration depth for var-
ious film thicknesses. These calculations are then used to
determine the penetration depth for a Y Ba,CusO7_x su-
perconducting thin film from the measured temperature de-
pendence of the resonant frequency of a stripline resonator.
The power dependence of the Y Ba; CusOr_ x surface resis-
tance is shown ploited against the RF magnetic field which
is determined from the calculated current distribution.

I. INTRODUCTION

The calculation of the electrical parameters of supercon-
ducting transmission lines is important both for design of
circuitry and for characterization of the superconductors.
Microwave frequency measurements using stripline or mi-
crostrip resonators can determine the fundamental phys-
ical properties of these films, such as penetration depth
and intrinsic surface resistance. To accurately determine
these properties from the measurements requires accurate
calculation of the current distribution, resistance, and in-
ductance of the stripline or microstrip.

To date, researchers have relied on very approximate
means of relating the quality factor or @ of the resonator to
the intrinsic surface resistance of the film[1-3]. One method
often used is the incremental inductance method first sug-
gested by Wheeler{4]. This method assumes that the pen-
etration depth is small compared to the thickness of the
superconductor. This assumption is often invalid for the
new high-T,. superconductors which may have penetration
depths comparable to typical film thicknesses.

Previous research into the calculation of the transmis-
sion line properties of superconductors has often been lim-
ited to simple geometries. However, work on practical
transmission line structures has also been done. Sass and
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Stewart[5] obtained the self and mutual inductances of a su-
perconducting transmission line system using an assumed
current distribution. Alsop et al.[6] used a numerical solu-
tion based on the finite difference method. More recently,
Chang|[7] used a variational technique to calculate the in-
ductances of a multi-superconductor transmission line sys-
tem.

In this paper, the method and results for the calculation
of the current distribution, resistance, and inductance, as
functions of the penetration depth for a superconducting
strip transmission line are presented. Unlike the previous
work, resistance will be considered in the formulation as
well as inductance. The method used is a modification of
the method used by Weeks et al. for the analysis of nor-
mally conducting transmission line systems|8]. The induc-
tance calculation is then used to determine the penetration
depth at zero temperature A(0) for a Y Ba;CusO7_x su-
perconducting thin film. The calculations are also used
to determine the intrinsic surface resistance as a function
of RF magnetic field for the Y Ba;Cu3zO7_x resonator to
show nonlinear effects.

II. PROBLEM FORMULATION

Consider M coupled superconducting transmission signal
lines and a return path of one or more lines, all of rect-
angular cross section in a uniform, lossless dielectric with
permittivity e and permeability po, as shown in Figure 1.
The constitutive relation between the current density in the
superconducting lines and the electric field is modeled us-
ing the two-fluid model, in which the total current is the
sum of both normal current and supercurrent. The normal
current is assumed to obey Ohm’s law and the supercurrent
is assumed to obey the London equation. The two compo-
nents of the current may be combined and related to the
electric field by defining a complex conductivity o,

— - i \=
J=0.FE = - = - ~ | E 1
o (61— jou)E (0'1 w,u,o)\3> (1)

where X is the penetration depth of the superconductor.
If the TEM mode is assumed and the complex conductiv-
ity is used, the problem becomes analogous to the normal
conductor skin effect problem and may be solved using a
modification of the method described in [8].

To enable numerical solution of the problem, the con-
ductors are subdivided into a total of N + 1 small rectan-
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Figure 1. Multiple transmission line system configuration.

gular patches numbered 0,1,2,..., N as shown in Figure 1.
Patch number 0 is defined to be the reference patch. If 7
is defined to be the vector of voltages on the patches rela-
tive to the reference patch, and 7 is the vector of currents
flowing in the patches, the system can be considered to be
a system of N coupled transmission lines which will obey
the transmission line equation,

dv

=—(F+jwl) -7 (2)
where 7 is the mairix of self and mutual resistances per
unit length between the patches, and 1 is the matrix of
self and mutual inductances per unit length between the
patches. To proceed with the solution, two fundamental
requirements are made; the total current in the system is
forced to equal zero, and the current density in each patch
is assumed to be uniform.

Since the conductivity of each patch is complex, a com-
plex resistance is defined by rp, = 1/(0c)nAn, where 4, is
the area of the n'* patch and (o,), is the complex conduc-
tivity of the n** patch. The resistance matrix elements rom,,
are obtained from the real part of the complex resistance
of the reference patch plus that of the m*®* patch if m = n,

Tm;n = Re ( ! + 4. myn !

(oc)o Ao (oc)mA m)

where 8., , = 1 for m = n and &, ,, = 0 for m # n.

The elements of the inductance matrix are slightly more
complicated. The kinetic contribution to the inductance is
obtained from the imaginary part of the complex resistance,

lIm (-———-——1 + 6 ! )
w

(0)odo | ™™ (0e)nAn
= L //m//ln [ ="+ (v =4/)"] (5)

A partial inductance is defined [§]
dz'dy' dzdy

3)

1B, = )

l(p)

m,n

where Sy, is the cross section of the m** patch and 5, is the
cross section of the n** patch. From stored energy concepts,
it may be shown that the m,n® element of the inductance
matrix is given by

162

The integrals in (5) may be done in closed form [7]. Practi-
cal experience using the analytic formula for the partial in-
ductance integration has shown that for small patches that
are far apart the evaluation of this integral fails due to finite
computer precision (double precision). Where the exact for-
mula fails, a numerical procedure (Gaussian Quadratures)
may be used to evaluate the integrals.

When the impedance matrix Z is formed and the volt-
ages on the lines are set (usually 1 for patches on the signal
line and 0 for patches on the return line(s)), the currents
on the patches may be immediately solved for by inverting
the impedance matrix to obtain the admittance matrix 7,

@
4 dz

:—-1 d17

= — —

o (7)

To determine the resistance per unit length matrix r

and inductance per unit length matrix L for the original
system of M coupled transmission lines with V the vector
of voltages on the signal lines and I the vector of currents
on the signal lines, the transmission line equation

——1 -

v T

- ~(R+jwl)-IT=Z-T=

(8)

is used. The elements of admittance matrix ¥ are obtained
from admittance matrix J by summing the admittances
that are in parallel,

N N,Ef)

2. 2 vme

m:N‘.(i) m=N,Ei)

(9)

where Ni(i) and Ni(f) are the first and last patch numbers
for the i** signal line and N ,(cl) and N, ,(cf ) are the first and

last patch numbers for the k** signal line. After Y has
been calculated it may be inverted to obtain the impedance
matrix Z. The resistance and inductance per unit length
matrices are then obtained from the real and imaginary
parts of Z. For the stripline configuration there is only one
signal line and therefore R and I reduce to scalars.

III. NUMERICAL RESULTS

In this section, numerical results for the stripline resonator
configuration shown in Figure 2 will be presented. These
results include the current distribution, inductance, and re-
sistance as functions of the penetration depth for various
film thicknesses.

Current distributions for the stripline were calculated
using (7) and are shown in Figure 2 for a penetration depth
of 0.2um with a film thickness t = 0.3um.

The inductance was calculated using (8) and is shown
in Figure 3 for film thicknesses from 0.1pm to 0.8um. As
expected, the inductance increases with penetration depth.
The increase is due to two factors; the internal inductance
rises as the current density becomes more uniform, and the
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Figure 2. Stripline resonator configuration and current
density distributions for film thickness ¢t = 0.3pym and A =
0.2pm.
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Figure 3. Inductance vs. penetration depth A for various
film thicknesses ¢.

kinetic inductance rises as the penetration depth increases.

The resistance was calculated using (8) and is shown
in Figure 4 for a frequency of 1 GHz and the real part of
the conductivity equal to 10° (1/Qm). The resistance for
other values of frequency and conductivity may be easily
determined because the current distribution is essentially
independent of frequency and the real part of the conduc-
tivity. The resistance is proportional to the real part of
the conductivity times the frequency squared, R oc o1 f2.
For small penetration depths the resistance is very low and
is essentially independent of the thickness of the film, as
expected because the current is crowded to the edges and
corners of the superconductors, thus increasing the thick-
ness will have little effect on the area in which the current
is flowing. At larger penetration depths, the resistance is
essentially inversely proportional to the film thickness, as
it would be for a uniform current distribution.
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Figure 4. Resistance vs. penetration depth A for various
film thicknesses .

IV. RESONATOR MEASUREMENTS

To accurately characterize the superconducting thin films,
and as an experimental verification of the calculations, the
inductance per unit length is used to obtain the magnetic

penetration depth at zero temperature A(0) from measure-
ments of the resonant frequency of a stripline resonator as
a function of temperature for a sputtered thin film of su-
perconducting Y Ba;CuzOr_x. The stripline resonator is
described in [1]. The change in resonant frequency is very
small, thus highly accurate calculation of the inductance is
required. The resonant frequency of the stripline resonator
is inversely proportional to the square root of the induc-
tance per unit length of the line. The inductance is a func-
tion of the penetration depth which, in turn, is a function
of the temperature. The penetration depth as a function of
temperature A(T') is assumed to be given by the two-fluid
model A\(T) = M0)/(1 ~ (T/T.)*)~1/2. A fitting procedure
is then applied to the calculated and measured resonant
frequency curves to determine the penetration depth A(0).
Figure 5 shows the measurements using a film of the high-
T, superconductor Y Ba; Cu3zOv_x with a film thickness of
0.3 pm. The best fit is obtained with A(0) = 0.167 pm.
Similar results for A\(0) have been obtained by others|9].
The calculated resistance and inductance values may
now be used to extract the intrinsic surface resistance R,
of the thin film superconductors from the measured @ of
the stripline resonator. Using the penetration depth, ob-
tained as discussed above, and the measured @, the resis-
tance per unit length of the stripline is determined. The
calculated values of resistance then allow extraction of the
real part of the conductivity and therefore the intrinsic
surface resistance R,, which for o2 > o is defined as

R, = (1/2)w?plo A3,

As an example of the quantitative information which
one can extract from the stripline measurements when the
current distribution is known, Figure 6 shows the depen-
dence of R, on the peak value of the RF magnetic field,
H.;, for Y Ba;CuzOr_x films sputtered at three different
temperatures. To obtain these results, R, was measured
as a function of input power to the resonator and H,; was
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Figure 5. Resonant frequency vs. temperature. Deter-
mination of the penetration depth of Y Ba;CuzO7—x mea-
sured and calculated values. Film thickness ¢ = 0.3 um.
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Figure 8. Surface resistance vs. peak magnetic field for
several sputtered thin films of ¥ BayCuzOr_x.

computed from the total RF current in the stripline, from
A, and from the calculated current distribution. The films
sputtered at higher temperatures clearly show a greatly re-
duced dependence of R, on current and H,¢. For all of these
films the input power was increased until a sharp increase
in R, was measured, indicating that the critical current or
magnetic field was reached. The best film set shows R,
with little dependence on H,s up to 225 Oe which is to our
knowledge the largest reported value of H,s for which R,
remains unchanged.

V. CONCLUSIONS

A method for the calculation of current distribution, re-
sistance, and inductance for superconducting transmission
line systems has been demonstrated by presenting results
using a stripline configuration. Accurate calculation of the
inductance is of critical importance for design of supercon-
ducting transmission lines and for characterizing the su-
perconducting materials. The effectiveness of the induc-
tance calculations has been demonstrated in the determi-
nation of the penetration depth A(0) from measurement of
the temperature dépendence of the resonant frequency of a
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Y Ba;Cu307..x stripline resonator. The resistance values
calculated are useful both for the design of superconducting
transmission lines and for the conversion of measurements
of resonator Q to the intrinsic surface resistance of the ma-
terial. The current distribution may be used to calculate
kinetic inductance and the RF magnetic field. Using these
calculations the power dependences of the surface resistance
of several sputtered Y Ba; CuzO+—x thin films were plotted
as a function of peak RF magnetic field. To obtain accurate
results for the new high-T films it is necessary that the re-
sistance calculations take into account the fact that the film
thickness may be comparable to A, as in our calculations.
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